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The transport properties of quantum dot �QD� systems based on double-walled carbon nanotubes �DWCNTs�
are investigated. The interplay between microscopic structure and strong Coulomb interaction is treated within
a bosonization framework. The linear and nonlinear current-voltage characteristics of the QD system are
calculated by starting from the Liouville equation for the reduced density matrix. Depending on the intershell
couplings, an eight-electron periodicity of the Coulomb blockade peak spacing in the case of commensurate
DWCNT QDs and a four-electron periodicity in the incommensurate case are predicted. The contribution of
excited states of DWCNTs to the nonlinear transport is investigated as well.
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I. INTRODUCTION

After being discovered in 1991,1 carbon nanotubes
�CNTs� have been widely used in nanodevices because of
their unique properties.2–4 CNTs may be either single walled
�SWCNT� or multiwalled �MWCNT� depending on the num-
ber of graphene sheets wrapped into concentric cylinders.
Due to the quasi-one-dimensional characters of their elec-
tronic structures, long SWCNTs exhibit a Luttinger-liquid
behavior.5–12 SWCNT quantum dot �QD� systems have also
been fabricated, which consist of finite length SWCNTs
weakly connected to the source and drain leads and capaci-
tively coupled to a gate electrode.13–16 At low bias, SWCNT
QD systems show Coulomb blockade because of the strong
Coulomb interactions in the QDs and the poor transparencies
of the contacts between the QD and the leads.17 Because of
the short lengths of SWCNTs, the addition energy needed to
add an extra electron to the QD depends on both the Cou-
lomb interaction and on the energy level spacing. Unlike the
traditional two-dimensional semiconductor QD systems with
irregular Coulomb blockade patterns, which have to be un-
derstood statistically,18 QDs based on SWCNTs show regular
Coulomb blockade patterns, which originate from the regular
electronic structure of the SWCNTs. Because of the spin
degeneracy of two bands crossing at the Fermi points in me-
tallic SWCNTs, the stability diagrams of SWCNT QDs ex-
hibit a four-electron periodicity of the Coulomb diamond
sizes.13–16,19 The stability diagrams of the SWCNT QD sys-
tems have been explained by using the mean-field theory
developed in Ref. 20 which includes a nonzero exchange
energy.13–16 Recently, the energy spectrum of SWCNT QDs
has been calculated in Ref. 21 beyond mean field. For QD
systems with moderate-to-large radius SWCNTs, the ex-
change energy can be ignored21 and the stability diagrams
can also be quantitatively explained within a bosonization
approach.22,23 By suitable choice of parameters, these theo-
ries can reproduce the same low bias spectra of SWCNT
QDs, and only the excitations measured at high bias are pre-
dicted differently by a mean-field approach or by a bosoniza-
tion method because of the different treatment of the Cou-
lomb interaction.23 Although the excitations of SWCNT QDs
have already been measured,15 the quality and the range of
the measured excitations cannot be used to determine the

validity of these two methods and further experiments are
needed.

In contrast, the properties of MWCNT systems have not
been fully explored so far. Experimental evidences of strong
Coulomb interactions, manifesting themselves in zero-bias
anomalies, power-law behaviors, and Coulomb blockade,
have been reported.24–28 In particular, the experiment in Ref.
28 showed that the stability diagrams of MWCNT QDs with
many shells systems have a four-electron periodicity of the
Coulomb diamond sizes. A microscopic description of inter-
acting MWCNT has been provided so far for ideally infinite
systems only.29–31 The simplest MWCNT is the one formed
by a double-walled carbon nanotube �DWCNT�, which con-
sists of two concentric shells. Depending on the ratio be-
tween the unit cell lengths of the two shells, a DWCNT may
be either commensurate �c-DWCNT�, if the ratio is a com-
mensurate number, or incommensurate �i-DWCNT�, if the
ratio is an incommensurate number. It has been shown that
the effective intershell coupling depends on the type of
DWCNTs. At low energies, that is, near the Fermi energy, the
effective intershell coupling is negligible in i-DWCNTs but
large in c-DWCNTs while it cannot be ignored in both types
of DWCNTs at high energies.31–34 Both types of DWCNTs
with long lengths can be described by the Luttinger-liquid
theory when Coulomb interactions are included.31

As mentioned above, a theory for interacting finite size
DWCNTs has not been provided so far and is the subject of
the present work. Because of their intermediate-to-large ra-
dii, we expect that the exchange energy may be neglected in
DWCNTs. Therefore, the bosonization approach, which in-
cludes forward-scattering processes exactly, can be used to
describe the properties of DWCNT QD systems as well. In
this paper, we focus on a QD system formed by a finite
length DWCNT with two metallic shells, where we include
all forward-scattering processes. The bosonization approach
enables exact diagonalization of the interacting DWCNT
Hamiltonian. Finally, the linear and nonlinear transport prop-
erties of the system are investigated by solving the Liouville
equation for the reduced density matrix to lowest order in the
coupling to the leads.

The paper is organized as follows. In Sec. II, the Hamil-
tonian of a DWCNT QD system is derived. The energy spec-
trum of a finite length DWCNT with strong Coulomb inter-
actions and open boundary conditions is then obtained.
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Transport properties of DWCNT QDs are calculated in Sec.
III. The results for the linear and nonlinear conductances of
both c-DWCNT and i-DWCNT QDs are presented in Sec.
IV. Finally, the conclusion is drawn in Sec. V.

II. MODEL AND METHOD

As schematically shown in Fig. 1, the QD system consists
of a DWCNT with two metallic shells deposited on a sub-
strate. The source and drain leads are connected to the outer
shell of the DWCNT. The segment of the DWCNT between
two leads forms a QD. A gate electrode is capacitively
coupled to the QD and controls the electrochemical potential
in it. As we are only interested in the Coulomb blockade
regime, we assume that the QD is weakly contacted to two
leads, that is, the transparencies of the contacts are very poor
and the conductance of the QD system is much smaller than
the conductance quantum 2e2 /h. The Hamiltonian of the
whole system can be separated into several parts,

H = Hleads + HDWCNT + HT + Hg, �1�

where HDWCNT is the Hamiltonian of the DWCNT system
and its explicit form will be derived in the following subsec-
tion. The source �s� and drain �d� leads are described by
Fermi gases of noninteracting quasiparticles and the Hamil-
tonian of the leads is

Hleads = �
l=s,d

�
k�

��lk − eVl�clk�
† clk�, �2�

where e is the elementary charge and Vl is the voltage in the
lead l. The operators clk�

† and clk� are the creation and anni-
hilation operators of a quasiparticle with wave vector k and
spin �=� in the lead l. The Hamiltonian of the gate is

Hg = − e�gN ,

where �g is the chemical potential of the gate and the opera-
tor N accounts for the total electron number in the QD sys-
tem. HT is the tunneling Hamiltonian describing the tunnel-
ing between the DWCNT and the two leads and it has the
form

HT = �
l=s,d

�
��
� drTl��r����

† �r��l��r� + H.c., �3�

where �l��r�=�k�k�r�ckl� is the electron annihilation op-
erator in the lead l and ���

† �r� is the electron operator in the
shell � whose explicit form will be given in Sec. II B. In the
remaining of this section, we are going to discuss the specific
form of HDWCNT. Specifically, we are going to first express it
as the sum of a noninteracting and an interacting part,
HDWCNT=HDWCNT

0 +HDWCNT
int , and then we shall diagonalize it

by using a bosonization procedure.

A. Low energy noninteracting Hamiltonian of double-walled
carbon nanotubes

In general, the energy spectrum of a SWCNT or of a
DWCNT without electron-electron interactions can be ob-
tained by using a tight-binding model for the pz orbitals in
carbon atoms.2 In particular, we shall view in the following a
DWCNT as two tunneling coupled SWCNT shells. We de-
note with the index �=� the outer �inner� SWCNT shell.

Let us then start, following Ref. 23, to recall the Bloch
wave functions describing a SWCNT in shell � in the case of
periodic boundary condition �PBC� and open boundary con-
dition �OBC�. The latter case is the proper choice for the
description of finite size SWCNTs and DWCNTs.

SWCNT with periodic boundary conditions. The spectrum
of a metallic SWCNT shell � within periodic boundary con-
ditions has two independent Fermi points ��K0,��. Their po-
sitions depend on the chirality of the shell and in general are
different for different SWCNT shells. At the Fermi points,
the lowest conduction and the highest valence bands touch
each other, as shown in Fig. 2�a�. As the next conduction and
valence bands are separated by a large gap �about 1 eV�,2 we
will only consider the lowest conduction band and the high-
est valence band in our calculations. The energy dispersion
near the Fermi points is linear,2 see Fig. 2�a�, and is given by

�R/L�	� = � 
vF	 , �4�

where the wave vector 	 is measured with respect to the
Fermi points and the Fermi velocity in SWCNTs is vF�8
�105 m /s. Hence, at each Fermi point, there are two
branches corresponding to right and left moving electrons
characterized by the index r=R /L=�. The Bloch waves for
the electrons in these branches in a shell �=� are

��rF	�r� = ei	u��rF�r� , �5�

where r= �u ,v� and u and v are along the nanotube axis and
the circumference directions, respectively �cf. Fig. 3�. The
periodic part of the Bloch wave is constructed from the pz
orbital wave function 
�r� as

��rF�r� =
1

�N�
�
Rp

eiF·Rf�prF
�r − R − �p� , �6�

where the index R denotes the lattice vector of the graphene
sheet, N� is the number of carbon atoms in the shell �, p
=� is the index for the two graphene sublattices, and �p is
the vector giving the positions of the two different atoms in a

Gate

Source Drain

DWCNT

FIG. 1. �Color online� Schematic experimental setup of a
DWCNT QD system. A finite length DWCNT is deposited on a
substrate and weakly connected to the source and drain leads
through its outer shell. A gate electrode is capacitively coupled to
the DWCNT QD and controls the electrochemical potential in the
QD. The dashed lines denote the inner shell in the DWCNT.
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unit cell. The index F= �K0,� characterizes the Fermi points
in the spectrum of the shell � and F denotes the Fermi points
in a graphene sheet. They are related by F�F ·u with u the
unit vector along the nanotube axis. Finally, the coefficients f
depend on the chirality of the shell �m ,n� and read2

f�+rF =
1

�2L
�−

�3

2
sgn�Fr��n + m� +

i

2
sgn�r��m − n�	 ,

�7�

f�−rF =
1
�2

, �8�

where L=�n2+mn+m2.
SWCNT with open boundary conditions. Because we con-

sider a finite length shell, we have to use the OBC instead of
the periodic boundary condition along the tube axis �cf. Fig.
4�. The standing wave in the shell � satisfying the OBC is
obtained by a suitable combination of PBC wave functions23

�
�R̃/L̃	

OBC �r� ª
1
�2


��R/LK0	�r� − ��L/R−K0−	�r�� , �9�

and the wave vectors 	 are quantized as

	 =
�

L
�m	 + ���, m	 = 0, � 1, � 2, . . . , �10�

where L is the length of the nanotube. For each shell, we
introduce the offset parameter �� which characterizes the
mismatch of the Fermi points, 0���=K0,�L /�− 
K0,�L /��
�1, where 
¯� gives the integer part of its argument. As
shown in Fig. 4, it is responsible for a possible mismatch of

the energy levels between the R̃ and L̃ branches defined by
the relation Eq. �9�. The Hamiltonian of a finite length non-
interacting shell � is thus

H�
0 = �

r̃�	

sgn�r̃�
vF	c�r̃	�
† c�r̃	�, �11�

where r̃= R̃ / L̃=� is the index for the left and right moving
electrons with the OBC. The operators c�r̃	�

† and c�r̃	� are
the creation and annihilation operators of an electron in the
shell �, on branch r̃, with the wave vector 	 and spin �
= ↑ ,↓.

DWCNT with open boundary conditions. Let us now see
how the spectrum gets modified when looking at DWCNTs,
being two coaxial SWCNT shells. Neglecting for the mo-
ment Coulomb interactions, coupling between the two shells
can occur due to intershell tunneling. It has been shown in
previous works that the intershell coupling strongly depends
on the chirality of the two shells.31–33,35–37 Specifically, two
shells are called incommensurate �commensurate� if the ratio
between their respective unit cells along the tube axis is ir-
rational �rational�. In particular, helicity dependent selection
rules prevent, at low energies, intershell tunneling in a
DWCNT with incommensurate shells �i-DWCNT�.31 In con-
trast, intershell tunneling is always possible in c-DWCNTs.

Therefore, the noninteracting Hamiltonian of an
i-DWCNT is the sum of the Hamiltonians of the two shells,
while for c-DWCNTs, the intershell coupling must be in-
cluded which yields a modification of the spectrum of the
isolated SWCNT shells. The DWCNT spectra with PBC and
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FIG. 2. �Color online� Energy spectra of metallic SWCNT and
DWCNT with PBCs. �a� Energy spectrum of a metallic SWCNT.
There are two Fermi points and two branches L /R with left-moving
�right-moving� electrons at each Fermi point. �b� Energy spectrum
of an i-DWCNT. It consists of the energy spectra of the outer and
inner graphene shells ���, which are not coupled to each other
because of the vanishing intershell coupling, cf. Eq. �12�. �c� En-
ergy spectrum of a c-DWCNT. Because of the finite intershell cou-
pling, it is composed of the bonding and antibonding bands ���,
which are shifted vertically along the � axis, cf. Eq. �15�.

R
−

R+

A

B

v
−

v+

u

FIG. 3. �Color online� Cross section of a DWCNT. Atoms A and
B in two shells of radii R+ and R−, respectively, are projected onto
this cross section. Such atoms are described by the coordinates
�u+ ,v+� and �u− ,v−�, where u� are along the tube axis and v�

measure the atom positions on the outer �inner� circumference.
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OBC are depicted in Figs. 2�b�, 2�c�, 4�b�, and 4�c�, respec-
tively. In particular, the i-DWCNT Hamiltonian associated
with the OBC spectrum is

Hi-DWCNT
0 = �

�r̃�	

sgn�r̃�
vF	c�r̃	�
† c�r̃	�

= �
�r̃�m	

sgn�r̃��m	�0 + ���0�c�r̃	�
† c�r̃	�, �12�

where �0=
vF� /L is the level spacing and we have used the
quantization relation for 	, Eq. �10� 
cf. Fig. 4�b��. The non-
interacting Hamiltonian of a c-DWCNT contains also the
contribution from the intershell coupling31 and reads

Hc-DWCNT
0 = �

�
�
r̃�	

sgn�r̃�
vF	c�r̃	�
† c�r̃	�

+ �
���

�
r̃�	

tc�r̃	�
† c��r̃	� + H.c., �13�

where t is the intershell coupling and we assume that it is a
constant in the low energy regime. The Hamiltonian 
Eq.
�13�� can be diagonalized by using the bonding and anti-
bonding basis,

c̃�r̃	� =
1
�2


c+r̃	� + sgn���c−r̃	��,

c̃�r̃	�
† =

1
�2


c+r̃	�
† + sgn���c−r̃	�

† � , �14�

where �=� is the index for bonding and antibonding states,
respectively. The noninteracting Hamiltonian of a c-DWCNT
in the new basis becomes

Hc-DWCNT
0 = �

�r̃�	


sgn�r̃�
vF	 + sgn���t�c̃r̃�	�
† c̃r̃�	�

= �
�r̃�m	


sgn�r̃��m	�0 + ��0�

+ sgn�����0�c̃r̃�	�
† c̃r̃�	�, �15�

where for c-DWCNT is ��=� and the parameter � is defined
as

0 � � = t/�0 − 
t/�0� � 1, �16�

which describes the mismatch of states in two bands 
cf. Fig.
4�c��.

L̃ R̃

ε

k
∆ε0

ε0

(a)

SWCNT

L̃+ R̃+L̃
−

R̃
−

ε

k
∆+ε0(1 − ∆

−
)ε0

ε0

(c)

i-DWCNT

L̃+ R̃+

L̃
−

R̃
−

ε

k

∆ε0

ζε0

ε0

(b)

c-DWCNT

FIG. 4. �Color online� Energy spectra of metallic SWCNT and DWCNT with OBCs. �a� Energy spectrum of a metallic SWCNT. There

are two branches L̃ / R̃ with left �right� moving electrons. The parameter �0 is the level spacing and � describes the mismatch of the Fermi
point, cf. Eq. �10�. �b� Energy spectrum of an i-DWCNT and �c� of a c-DWCNT. The parameter �� describes the mismatch of the Fermi
point in the shell � and for a c-DWCNT is �+=�−=�. The parameter � describes the mismatch of the states in two bands, cf. Eq. �16�.
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B. Coulomb interaction Hamiltonian of double-walled carbon
nanotubes

In quasi-one-dimensional electronic structures as CNTs,
Coulomb interactions are not fully screened and can strongly
influence the properties of CNTs, as amply demonstrated for
SWCNTs.5–9,13–16,22,23 On multiwalled nanotubes, despite the
experimental evidence of strong Coulomb interactions,24–28

not much is known theoretically.29–31 In a previous work, we
discussed the Luttinger-liquid nature of ideally infinite
DWCNT;31 here, we focus on the properties of finite size
interacting DWCNT systems.

Let us start by looking at i-DWCNTs. Since in this case
the two shells are not coupled by intershell tunneling, we can
express the total Coulomb interaction by the Hamiltonian

Hi-DWCNT
int =

1

2 �
������

� � dr1dr2���
† �r1������

† �r2�

�U����r1 − r2�������r2�����r1� , �17�

where the electron operator for the shell � is

����r� � �
r̃q

��r̃q
OBC�r�c�r̃�q. �18�

Here, ri= �ui ,vi� and u and v are along the tube axis and the
circumference direction, respectively �cf. Fig. 3�. The in-
trashell interaction is given by

U���r1 − r2� =
e2/�

��u1 − u2�2 + 4R�
2 sin2
�v1 − v2�/2R�� + az

2
,

�19�

and the intershell interaction is

U+−�r1 − r2�

=
e2/�

��u1 − u2�2 + 4R+R− sin2
v1/2R+ − v2/2R−� + �R2
,

�20�

where � is the dielectric constant, az is the “thickness” of a
graphene sheet, and the distance between two shells is �R
= �R+−R−�. In order to reduce the interaction 
Eq. �17�� to an
effective one-dimensional one, we use Eq. �5� and define the
one-dimensional �1D� electron operators describing the
slowly varying part of the electron operator ����r� as

��r̃F��u� =
1

�2L
�

q

ei sgn�F�quc�r̃�q, �21�

in terms of which the electron operators take the form

����r� = �
r̃q

��r̃q
OBC�r�c�r̃�q

= �L�
r̃F

sgn�F��� sgn�F�r̃F�r���r̃F��u� . �22�

For SWCNT shells with diameter larger than 
1.5 nm, we
can retain forward-scattering �or density-density� processes21

only, such that the interacting Hamiltonian of an i-DWCNT
becomes

Hi-DWCNT
int =

1

2 �
���

�
r̃r̃�

�
FF�

�
���

� � du1du2��r̃F��u1�

�V���
eff �u1 − u2����r̃�F����u2� , �23�

where ��r̃F��u�=��r̃F�
† �u���r̃F��u� is the electron density op-

erator and V���
eff is the effective one-dimensional Coulomb

interactions obtained by using Eqs. �6� and �22�,

V���
eff �u1,u2� =

L2

N�N��
�

R1R2

� � dv1dv2�
�r1 − R1��2

�U����r1 − r2��
�r2 − R2��2, �24�

where R1,2 are lattice vectors of the graphene sheet.
Let us now turn to c-DWCNTs. The total Coulomb inter-

action Hamiltonian of a c-DWCNT acquires a form similar
to Eq. �17� when written in the basis of the bonding �anti-
bonding� states using the transformation 
Eq. �14��. In this
basis, the Coulomb interaction of a c-DWCNT is given by

Hc-DWCNT
int =

1

2 �
������

� � dr1dr2���
† �r1������

† �r2�

�Ũ����r1 − r2�������r2�����r1� , �25�

where �=� is the index for bonding and antibonding bands
and the new interactions are

Ũ+− = 2Ũ++ = 2Ũ−− =
1

4
�U++ + U−− + U+−� , �26�

where U��� is defined by Eqs. �19� and �20�. The electron
operators in c-DWCNTs read

����r� = �
r̃q

�̃�r̃q
OBC�r�c̃�r̃�q

= �L�
r̃F

sgn�F��̃� sgn�F�r̃F�r��̃�r̃�F�u� , �27�

where �̃�r̃q
OBC is the linear combination �̃�r̃q

OBC�r�= 
�+r̃q
OBC�r�

+sgn����−r̃q
OBC�r�� /�2. By using these electron operators and

keeping again only the relevant forward-scattering processes,
the Coulomb interaction Hamiltonian of a c-DWCNT be-
comes

Hc-DWCNT
int =

1

2�
���

�
r̃r̃�

�
FF�

�
���

� � du1du2�̃�r̃F��u1�

�Ṽ���
eff �u1 − u2��̃��r̃�F����u2� , �28�

where �̃�r̃F��u�= �̃�r̃F�
† �u��̃�r̃F��u� is the density operator and

Ṽ���
eff is the effective one-dimensional Coulomb interaction,

Ṽ���
eff �u1,u2� =

L2

N�N��
�

R1R2

� � dv1dv2�
�r1 − R1��2

�Ũ���r1 − r2��
�r2 − R2��2. �29�
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C. Diagonalization of the interacting Hamiltonians

In this subsection, we are going to diagonalize the inter-
acting Hamiltonians HDWCNT=HDWCNT

0 +HDWCNT
int for

i-DWCNTs and c-DWCNTs by the use of the bosonization
method.38–41 As we are going to show, for finite size
DWCNTs, the resulting Hamiltonians assume the form
HDWCNT=Hf +Hb, where Hf describes the ground state and
fermionic excitations, see Eqs. �31� and �32� for c-DWCNTs
and i-DWCNTs, respectively, and Hb contains the bosonic
excitations. Our procedure generalizes Refs. 22 and 23,
where a single SWCNT shell is diagonalized, to the DWCNT
case. As such for details on the bosonization procedure, we
refer to Refs. 22 and 23.

First, we introduce the bosonic operators23,31,40

b� sgn�r̃�q� =���r̃q�/�nq for i-DWCNTs

�̃�r̃q�/�nq for c-DWCNTs,
� �30�

where q=�nq /L�0 with nq a positive integer and ��r̃q�,
�̃�r̃q� are the density operators introduced in the previous
subsection. The index �=� denotes the bonding �antibond-
ing� states in c-DWCNTs and outer �inner� shells in
i-DWCNTs and we will keep this convention in the rest of
the paper. The bosonic operators obey the bosonic commu-
tation relation


b� sgn�r̃�q�,b
�� sgn�r̃��q���
† � = �����r̃r̃��qq�����.

Upon using these bosonic operators, the Hamiltonian of a
DWCNT QD can be separated into its fermionic and bosonic
parts, HDWCNT=Hf +Hb. For the fermionic Hamiltonian of a
c-DWCNT, we find

Hf ,c-DWCNT = �
�r̃�

1

2
�0N�r̃�

2 + sgn�r̃���0N�r̃� +

����0 −
1

2
�0�N�r̃� + Hf

int, �31�

while the i-DWCNT fermionic Hamiltonian has the form

Hf ,i-DWCNT = �
�r̃�

1

2
�0N�r̃�

2 + sgn�r̃����0N�r̃�

−
1

2
�0N�r̃� + Hf

int. �32�

In the above equations, Hf
int is the Coulomb interaction term

described by

Hf
int =

1

2 �
���

W00
�����

r̃�

N�r̃����
r̃���

N��r̃���� , �33�

with the interaction strengths W00 obtained from

Wqq
��� =

1

L2 � � du1du2V���
eff �u1 − u2�cos�qu1�cos�qu2� .

�34�

Therefore, the fermionic Hamiltonian of a DWCNT QD re-
sembles the constant-interaction model.17

The bosonic excitations of a DWCNT QD are described
by the Hamiltonian Hb, which can be expressed in terms of
the bosonic operators as

Hb = �
q�0

�
��r̃

�0nqb� sgn�r̃�q�
† b� sgn�r̃�q�

+
1

2 �
q�0

�
���r̃r̃����

nqWqq
����b� sgn�r̃�q� + b� sgn�r̃�q�

† �

��b�� sgn�r̃��q�� + b
�� sgn�r̃��q��
† � . �35�

In order to diagonalize the Hamiltonian Hb, we need to in-
troduce new bosonic operators aj��q’s, where j=c ,s denote
charge �spin� modes and the remaining indices �=� and �
=� define total �relative� modes with respect to the branch
and shell 
or bonding �antibonding� state� degrees of free-
doms, respectively. The new bosonic operators are related to
the bosonic operators b� sgn�r̃�q� by a Bogoliubov
transformation31,42

b� sgn�r̃�q� = �
j��

��r̃�
j�� �q��Sj��qaj��q + Cj��qaj��q

† � , �36�

where the coefficient matrix is given by

��r̃�
j�� �q� =

1

2�2�
sin �q + cos �q − cos �q + sin �q 1 1 1 1 1 1

sin �q + cos �q − cos �q + sin �q 1 1 − 1 − 1 − 1 − 1

sin �q + cos �q − cos �q + sin �q − 1 − 1 1 1 − 1 − 1

sin �q + cos �q − cos �q + sin �q − 1 − 1 − 1 − 1 1 1

sin �q + cos �q − cos �q − sin �q 1 − 1 1 − 1 1 − 1

sin �q + cos �q − cos �q − sin �q 1 − 1 − 1 1 − 1 1

sin �q + cos �q − cos �q − sin �q − 1 1 1 − 1 − 1 1

sin �q + cos �q − cos �q − sin �q − 1 1 − 1 1 1 − 1

� , �37�
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and for the matrix elements we use the ordering j��=c+

+ ,c+−,c− + ,c−−,s+ + ,s+−,s− + ,s−− and �r̃�= + R̃↑ ,

+ R̃↓ , + L̃↑ , + L̃↓ ,−R̃↑ ,−R̃↓ ,−L̃↑ ,−L̃↓. The q dependence
of the matrix is in the trigonometric functions

sin �q = �Wqq
++ − Wqq

−−�/��Wqq
++ − Wqq

−−�2

+ 
Wqq
+− + ��Wqq

++ − Wqq
−−�2 + �Wqq

+−�2�2�1/2.

The remaining coefficients are

Sj��q = 1 and Cj��q = 0, �38�

in the cases �j���= �c− � � , �s� � �, i.e., for the relative
�with respect to the branch index� charge modes and for all
of the spin modes. For the total and relative �with respect to
the shell or band index� charge modes �c+ � �, the two co-
efficients are interaction dependent,

Sc+�q =
1

2
�� �0

�c+��q�
+��c+��q�

�0
	,

Cc+�q =
1

2
�� �0

�c+��q�
−��c+��q�

�0
	 , �39�

where

�c+��q� = �0
�1 + 8Wqq

��/�0 �40�

are the energies of the total and relative charge modes. The
interactions do not affect the six “neutral” modes, �j���= �c
− � � , �s� � �, and their energy dispersions are the same as
for the noninteracting system,

� j���q� = �0. �41�

By using the new bosonic operators, the excitation Hamil-
tonian assumes finally the diagonal form

Hb = �
q�0

�
j��

� j���q�aj��q
† aj��q, �42�

and its eigenstates are

�N,m� ª �
q�0

�
j��

1
�mj��q!

�aj��q
† �mj��q�N,0� , �43�

where N= �N�r̃�� defines the number of electrons in each of
the eight branches ��r̃�� and m= �mj��q� describes the con-
figuration of the bosonic excitations in each of the eight
modes �j���. The state �N ,0� contains no bosonic excitations
and describes the ground state or the fermionic excited states
of the Hamiltonians Hf in Eqs. �31� and �32�.

III. DYNAMICS OF THE DOUBLE-WALLED CARBON
NANOTUBE QUANTUM DOT SYSTEM

The transport properties of the DWCNT QD system can
be obtained by investigating the dynamics of its density
matrix.43 In this section, we briefly show how to derive the
equation of motion for the reduced density matrix of the
DWCNT QD system. By solving these equations, we obtain
the stationary current through the system when a bias voltage
is applied.

A. Equation of motion for the reduced density matrix

As we consider a very weak coupling between the
DWCNT and the two leads, the tunneling Hamiltonian can
be treated as a perturbation. This means that higher order
tunneling processes as cotunneling or correlated sequential
tunneling are neglected.44 We start from the equation for mo-
tion for the density matrix in the interaction picture,43

i

��tot

I �t�
�t

= 
HT
I �t�,�tot

I �t�� , �44�

where �tot
I �t� is the density matrix of the whole system �in-

cluding the DWCNT and the leads� and the tunneling Hamil-
tonian in the interaction picture is

HT
I �t� = e�i/
��HDWCNT+Hleads��t−t0�HTe−�i/
��HDWCNT+Hleads��t−t0�.

�45�

This equation can be solved formally as

�tot
I �t� = �tot

I �t0� −
i



�

t0

t

dt1
HT
I �t1�,�tot

I �t1�� . �46�

Substituting the above expression of �tot
I �t� back to Eq. �44�,

we have

��tot
I �t�
�t

�t� = −
i




HT

I �t�,�tot
I �t0��

+ � i



�2�

t0

t

dt1†HT
I �t�,
HT

I �t1�,�tot
I �t1��‡ .

�47�

As we are only interested in the transport through the
DWCNT QD, we will focus on the reduced density matrix of
the QD which is obtained by tracing out the degrees of free-
dom of the leads,

�I = Trleads��tot
I � . �48�

Because the leads are very large compared with the DWCNT
and the tunneling events between leads and the QD are rare,
the effect of the DWCNT on the leads can be ignored and the
leads can be described as reservoirs remaining in thermal
equilibrium. We use the ansatz23 to factorize the total density
matrix �I�t�,

�tot
I �t� = �leads

I �I�t� = �s
I�d

I �I�t� , �49�

where the density matrix of the leads �leads is time indepen-
dent and is described by the thermal equilibrium distribution,

�s/d
I =

e−��Hs/d−�s/dNs/d�

Tr�e−��Hs/d−�s/dNs/d��
,

where �s/d is the chemical potential of the source/drain lead
and �=1 /kBT. We further simplify Eq. �47� by introducing
the Markov approximation, that is, we assume that �̇tot

I �t�
depends on �tot

I �t� only and replace �tot
I �t�� by �tot

I �t�. By us-
ing the Markov approximation, we effectively neglect the
details of the dynamics of �tot

I �t� at short time scales. Since
we are interested in the dc, i.e., in the dynamics at long time
scales, this approximation is legitimate.
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We make the further assumptions that the elements of the
reduced density matrix between two states with different
charges vanish and that the elements between two nondegen-
erate states with same charges also vanish.22,23 Finally, the
master equations of the reduced density matrix can be ex-
pressed in Bloch-Redfield form45,46

�̇nm
I,EN�t� = − �

kk�

Rnmkk�
EN �kk�

I,EN�t� + �
M=N�1

�
E�

�
kk�

Rnmkk�
ENEM� �kk�

I,EM� �t� ,

�50�

where n, m, k, and k� are indices of the eigenstates of the
DWCNT Hamiltonian. The Redfield tensors are defined as

Rnmkk�
EN = �

l
�

M,E�,j

��mk��l,njjk
�+�ENEM� + �nk�l,k�j jm

�−�ENEM� � , �51�

Rnmkk�
ENEM� = �

l

�l,k�mnk
�+�EM� EN + �l,k�mnk

�−�EM� EN, �52�

where the transition rates ���� depend on the properties of
the contacts between the leads and the DWCNT QD.23 For
typical normal metal contacts, it is justified to assume that
the contacts do not mix the electrons in the different
branches and that the couplings between the leads and the
DWCNT do not depend on either the wave vectors or the
spins of the tunneling electrons. Then, as shown in Appendix
B, the transition rates for tunneling onto the dot depend on
the energy of the tunneling electrons as

�l,k�mnk
���ENEN+1� = �

�

4�CL

N�
2 �
Rp

�Tl��xR,p��2� d�gl���f���

��
0

�

dt�e��i/
���−eVl−EN+1� +EN�t�

��
r̃�F


��r̃�F�ul��k�m
ENEN+1� 
��r̃�F

† �ul��nk
EN+1� EN,

�53�

where we introduced the matrix elements of the 1D operators
between the states �m�, �k�� and between �n�, �k�. The func-
tions gl��� and f��� denote the density of states of lead l and
the Fermi function, respectively. Finally, C is a constant
coming from the integration over the pz orbitals, L is the tube
length, N� is the total electron number in shell �band� �, and
Tl��x� comes from the tunneling Hamiltonian. The eigen-
states involved in the tunneling processes are 
cf. Eq. �43� for
the expression of the DWCNT eigenstates�

�k�� = �N,k��, �m� = �N + 1,m� ,

�n� = �N + 1,n�, �k� = �N,k� .

Similarly, the expressions for the tunneling rates out of the
dot are

�l,k�mnk
���ENEN−1� = �

�

4�CL

N�
2 �
Rp

�Tl��xR,p��2� d�gl����1 − f����

��
0

�

dt�e �i/
���−eVl+EN−1� −EN�t�

��
r̃�F


��r̃�F
† �ul��k�m

ENEN−1� 
��r̃�F�ul��nk
EN−1� EN, �54�

with the eigenstates

�k�� = �N,k��, �m� = �N − 1,m� ,

�n� = �N − 1,n�, �k� = �N,k� .

B. Calculation of the current

We are only interested in the properties of the system in
the stationary state, which can be obtained by solving Eq.
�50� with the left hand side set to be zero. The current can be
calculated by using the tunneling rates between the DWCNT
QD and the leads. The current measured in experiments is
the current in one lead, which can be calculated as

Il = e�
N

�!l
N→N+1 − !l

N→N−1� , �55�

where !l
N→N�1 are the tunneling rates between the QD and

the lead l when the particle number in the DWCNT QD
changes from N to N�1. The tunneling rates are related to
the transition rates and the reduced density matrix as

!l
N→N�1 = �

E,E�
�
nkj

��l,njjk
�+�ENEN�1� �kn

I,EN + �nk
I,EN�l,kjjn

�−�ENEN�1� � .

�56�

After substituting Eq. �56� into Eq. �55�, the current can be
expressed in terms of the transition rates and the elements of
the reduced density matrix as

Il = e �
N,E,E�

��l,njjk
�+�ENEN+1� − �l,njjk

�+�ENEN−1� ��kn
I,EN

+ ��l,kjjn
�−�ENEN+1� − �l,kjjn

�−�ENEN−1� ��nk
I,EN. �57�

IV. LINEAR AND NONLINEAR TRANSPORT

After having obtained the energy spectrum and the eigen-
states of the DWCNT QD system, we can calculate the tran-
sition rates, Eqs. �53� and �54�, and use the Bloch-Redfield
equations for the reduced density matrix to calculate the
transport properties of the system. Here, we present the cal-
culated results of both linear and nonlinear conductances.

A. Linear conductance

In the linear transport regime, i.e., �eVb�"kBT"�0, where
Vb is the applied bias, only the ground states with N and N
+1 electrons are involved in the transport. In this case, the
equations for the diagonal elements and the off-diagonal el-
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ements of the reduced density matrix are decoupled from
each other23 and we only have to take into account the diag-
onal elements of the ground states with a certain electron
number, which are the occupation probabilities. In this case,
only the real part of the rates �l,knnk

��� enters the Bloch-
Redfield equation 
Eq. �50��. Moreover, since no bosonic ex-
citations are present, the rates reduce to the very simple ex-
pressions, cf. Eqs. �B14� and �B15�,

�l,kn
in

ª R��l,knnk
���ENEN+1� � = �

�r̃�

#l���l�
h

f��l��N+e�r̃�,N+1,

�58�

with the eigenstates �k�= �N ,0�, �n�= �N+1 ,0� and with �l
=eVl+EN+1� −EN. Analogously,

�l,kn
out

ª R��l,knnk
���ENEN−1� � = �

�r̃�

#l���l��
h


1 − f��l����N−e�r̃�,N−1,

�59�

with the eigenstates �k�= �N ,0� �n�= �N−1 ,0� and with �l�
=eVl−EN−1� +EN. Moreover, we introduced the rate function

#l���� =
8�3Cgl���W2�ul�

N�
�
Rp

�Tl��xR,p��2.

As shown in Appendix B, the function W�u� accounts for a
nonoscillatory spatial dependence due to the Coulomb inter-
action. The stationary occupation probability of the ground
state with N electrons can now be easily evaluated. We find,
see also Ref. 23,

PN =

�
l�

#l�
1 − f��l��CN+1,N
�

�
l�

#l�f��l�CN,N+1
� + #l�
1 − f��l��CN+1,N

� , �60�

where CN,N+1
� are the number of permitted ground states with

N+1 particles when one electron is added to a ground state
with N particles, and this electron is added to the bonding
�antibonding� state � in c-DWCNTs or to the shell � in
i-DWCNTs. We define the energy �l=eVl−�E and the en-
ergy difference �E=EN

0 −EN+1
0 −�g, where �g is the electro-

chemical potential in the gate. The linear conductance is then
given as

G =
e2�

h

�
�

#s�#d�CN,N+1
� CN+1,N

�

�
l�

#l�f�− �E�CN,N+1
� + #l�
1 − f�− �E��CN+1,N

�

e−��E

�1 + e−��E�2 , �61�

where we assume that the bias is symmetrically applied to the source and drain leads, that is, −Vs=Vd=Vb /2. The maximum
value of the linear conductance is

Gmax =
e2�

h

�
�

#s�#d�CN,N+1
� CN+1,N

�

�
l�

#l��CN,N+1
� + CN+1,N

� � + 2���
l�

#l�CN,N+1
� ���

l�
#l�CN+1,N

� �
. �62�

and the maxima of the conductance as a function of �g are at
−�g=EN+1

0 −EN
0 +�Emax, where18,22,23,48,49

�Emax =
1

2�
ln

�
l�

#l�CN+1,N
�

�
l�

#l�CN,N+1
� . �63�

The conductance peak occurs whenever an electron is added
or removed from the DWCNT QD by changing the electro-
chemical potential in the gate. At zero temperature, from Eq.
�63�, �Emax vanishes and the conductance peak occurs when
the electrochemical potential of the gate satisfies the follow-
ing condition:

− �g = EN+1
0 − EN

0 � �N.

Therefore, at zero temperature, the addition energy ��N is
given by

��N = ��N − �N−1� = �EN+1
0 + EN−1

0 − 2EN
0 � .

For a c-DWCNT QD system, electrons can tunnel into both
shells because of nonzero intershell couplings. Hence, there
is an eight-electron periodicity of the conductance peak dis-
tances,

��1 = ��3 = ��5 = ��7 = W00
++, �64�

��2 = ��6 = 2 min��,���0 + W00
++, �65�

��4 = 2�� − ���0 + W00
++, �66�

��8 = �0 − 2�� + ���0 + W00
++. �67�

Here, we use the relation W00
++=W00

−−=W00
+− /2 in c-DWCNTs


cf. Eq. �26��. On the other hand, electrons can only tunnel
into the outer shell in an i-DWCNT QD system because the
contacts are deposited onto the outer shell and the intershell
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couplings vanish. Therefore, there is a four-electron period-
icity of the conductance peak distance like in a SWCNT QD
system,

��1 = ��3 = W00
++, �68�

��2 = 2�+�0 + W00
++, �69�

��4 = �0 − 2�+�0 + W00
++. �70�

Because electrons tunnel only into the outer shell with the
interaction strength W00

++, the addition energy ��N does not
depend either on the interaction strength in the inner shell
W00

−− or on the intershell interaction strength W00
+−. Informa-

tion on these Coulomb interactions is in the bosonic part of

the excitation spectrum seen at higher energies, cf. Eq. �40�,
and in the matrix elements of the electron operators.

The calculated linear conductances of DWCNT QDs of
different configurations are shown in Figs. 5 and 6. In a
c-DWCNT QD, the intraband interaction strengths W00

++ and
W00

−− are the same, while the interband interaction strength
W00

+− is twice as large 
cf. Eq. �26��. However, in an
i-DWCNT, the interaction strength in the inner shell W00

−− is
the strongest because of the smaller inner shell radius and
one has W00

−−�W00
+−�W00

++. The shapes of the conductance
peaks strongly depend on the mismatch parameters, i.e., �
and � in c-DWCNTs and �� in i-DWCNTs. For zero mis-
match parameters, the quantities CN,N+1

� and CN+1,N
� are

CN,N+1
� =4,3 ,2 ,1 and CN+1,N

� =1,2 ,3 ,4 for N�=4m ,4m
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FIG. 5. �Color online� Calculated linear conductances as a function of the gate electrochemical potential in c-DWCNT QD systems with
different parameters. �a� �=�=0.0, W00

++=W00
−−=W00

+− /2=5.0�0, and kBT=0.025�0, where the level spacing �0 is used as the unit of energy.
The coupling strengths are #s�=#d�=0.02�0. �b� �=0.2 and �=0.3. The remaining parameters are the same as those in �a�. In both cases,
the linear conductances in c-DWCNTs show an eight-electron periodicity. In the case of zero mismatch parameters shown in �a�, an
eight-electron periodicity of the heights of the conductance peaks also occurs. For finite mismatch shown in �b�, the peak heights are equal
but the eight-electron periodicity of the addition energies, i.e., the peak distances, remains �to emphasize this, we assign to each group of
eight peaks different colors�.
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FIG. 6. �Color online� Calculated linear conductances as a function of the gate electrochemical potential in i-DWCNT QD systems with
different parameters. �a� �+=�−=0.0, W00

++=5�0, W00
−−=6.0�0, W00

+−=5.5�0, and kBT=0.025�0, where the level spacing �0 is used as the unit
of energy. The coupling strengths are #s+=#d+=0.02�0 and #s−=#d−=0. �b� �+=0.2 and �−=0.3. The remaining parameters are the same as
those in �a�. The linear conductances in i-DWCNTs show a four-electron periodicity. In the absence of mismatch shown in �a�, the
four-electron periodicity is observed also in the peak heights, while it is no longer observed at finite mismatch shown in �b�. However, the
addition energy, i.e., the peak distance, shows a four-electron periodicity in both cases �to emphasize this, we assign to each group of four
peaks different colors�.
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+1,4m+2,4m+3 with an integer m, where N� is the electron
number either in the bonding �antibonding� state � in
c-DWCNTs or in the shell � in i-DWCNTs. Therefore, ac-
cording to Eq. �62�, one can find that the conductance peak
heights show an eight-electron periodicity in a c-DWCNT
QD 
cf. Fig. 5�a�� because both bonding and antibonding
states contribute to the electron transport. However, there is a
four-electron periodicity in an i-DWCNT QD 
cf. Fig. 6�a��
because only the outer shell contributes. If the mismatch pa-
rameters are nonzero, we find CN,N+1

� =2,1 ,2 ,1 and CN+1,N
�

=1,2 ,1 ,2 for N�=4m ,4m+1,4m+2,4m+3. Therefore, all
the conductance peaks have the same heights 
cf. Figs. 5�b�
and 6�b��. However, the distance between two conductance
peaks, i.e., the addition energy, always shows an eight-
electron periodicity in c-DWCNT QDs and the four-electron
periodicity in i-DWCNTs, as shown in the Figs. 5 and 6. For
c-DWCNTs, the parameters W00’s, min�� ,��, max�� ,��, and
�0 can be determined by experimentally measuring the dis-
tances of the conductance peaks. The exact values of � and �
cannot be obtained because their exact values determine the
way how one by one electrons fill in the bonding and anti-
bonding bands, which cannot be probed by measuring the
conductances only. The parameters W00

++, �+, and �0 of
i-DWCNTs can also be determined by fitting the experimen-
tal results for the conductance.

B. Nonlinear conductances

When higher bias is applied, i.e., �eVb�$�0%kBT, we can
only solve the Bloch-Redfield equations numerically. For the
elastic tunneling process, we have to include the coherences
between the states with same particle number N but with
different bosonic excitations m.22,23 Because of the large
number of degenerate bosonic excitations, the rank of the
reduced density matrix increases very fast as the applied bias
increases, which causes a very long computing time to solve
the equations. On the other hand, these coherences can be
ignored in an inelastic tunneling process, in which the QD
system will be restored to the equilibrium states before the
next tunneling process. Only the diagonal elements in the
reduced density matrix are nonzero and they obey the Bolt-
zmann distribution as

�nn
I,EN�t� = PN�t�

e−�EN
n

�
k

e−�EN
k ,

where n and k are indices of the eigenstates of the DWCNT
QD Hamiltonian and PN�t� is the probability of finding N
electrons in the QD. Instead of solving the Bloch-Redfield
equations directly, we can solve the equation of motion for
the probability PN�t�,

d

dt
PN�t� = − �

l,M=N�1
!l

N→M + �
l,M=N�1

!l
M→N, �71�

where the tunneling rate is defined in Eq. �56� and can now
be expressed in terms of PN�t� as

!l
N→N�1 = PN�t� �

E,E�

e−�EN
n

�
k

e−�EN
k ��

nj

�l,njjn
�+�ENEN�1� + �l,njjn

�−�ENEN�1� � .

�72�

The number of the equations reduces significantly; we can
solve them quite fast. In Fig. 7, we show the calculated sta-
bility diagram of a DWCNT QD system in an inelastic tun-
neling process. The size of the Coulomb diamonds shows an
eight-electron periodicity in c-DWCNT QDs and a four-
electron periodicity in i-DWCNT QDs. The excitation lines
are also shown in Fig. 7, which contain contributions of both
fermionic 
cf. Eqs. �31� and �32�� and bosonic excitations 
cf.
Eq. �42��. There are more excitation lines in c-DWCNT QDs
than in i-DWCNT QDs because of the larger number of the
ground states of c-DWCNTs. The stability diagram of an
i-DWCNT QD looks quite similar to that of a SWCNT QD,
which also shows a four-electron periodicity. However, the
configurations of the excitation lines of the two cases are
different because the excitation spectrum in i-DWCNTs con-
tains an extra contribution from the Coulomb interaction due
to the electrons in the inner shell.

V. CONCLUSIONS

In this paper, we consider QD systems formed by finite
length c-DWCNTs and i-DWCNTs with two metallic shells.
The energy spectrum of the systems is calculated under open
boundary conditions. The transport properties of the
DWCNT QD system are obtained by solving the Bloch-
Redfield equations for the reduced density matrix of the sys-
tem. Because the contacts are usually deposited on the outer
shell and the intershell coupling depends on the chiralities of
the two shells, we find an eight-electron periodicity of the
linear conductance peak distances in c-DWCNTs but a four-
electron periodicity in i-DWCNTs. The peak heights strongly
depend on the degeneracies of the ground states. By includ-
ing both fermionic and bosonic excitations, we also calculate
the stability diagrams of QD systems with both c-DWCNTs
and i-DWCNTs in an inelastic tunneling process. The peri-
odicity of the Coulomb diamond sizes depends on the num-
ber of the shells contributing to the electron transport. There-
fore, the four-electron periodicity in a MWCNT QD
measured in the experiments in Ref. 28 may be due to the
fact that only the outermost metallic shell was involved in
the electron transport. For a DWCNT QD with a metallic
outer shell and a semiconducting inner one, the distances of
the linear conductance peaks will also show a four-electron
periodicity since the inner semiconducting shell does not
contribute to the electron transport. Similarly, the four-
electron periodicity in i-DWCNTs is because of the negli-
gible intershell coupling and there will be an eight-electron
periodicity if a large intershell coupling is caused, for ex-
ample, by contacts. Therefore, it is necessary to use properly
prepared contacts in order to observe the different periodici-
ties of Coulomb blockade oscillations in different types of
DWCNTs in the experiments.
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APPENDIX A: MATRIX ELEMENTS OF THE ELECTRON
OPERATORS

In this appendix, we calculate the matrix elements of the
electron operators 
Eqs. �22� and �27�� in the basis of the
eigenstates 
Eq. �43�� of the Hamiltonian HDWCNT and the

results are used in Sec. III. The matrix elements of the elec-
tron operator are calculated by using the relation

�N,m�����r��N�,m�� = �L�
r̃F

sgn�F��� sgn�F�r̃F�r�

��N,m���r̃F��u��N�,m�� . �A1�

The 1D electron operator ��r̃F� can be expressed in terms of
the bosonic operators introduced above as39,40

FIG. 7. �Color online� Calculated stability diagrams of DWCNT QD systems. �a� Stability diagram of a c-DWCNT QD. The parameters
are �=0.2, �=0.3, W00

+ =W00
− =W00

+− /2=5.0�0, and kBT=0.05�0, where the level spacing �0 is used as the unit of energy. We use #s�=#d�

=0.02�0 for the coupling strengths between the leads and the DWCNT QD. �b� Stability diagram of an i-DWCNT QD. The parameters are
�+=0.2, �−=0.3, W00

+ =5�0, W00
− =6.0�0, W00

+−=5.5�0, and kBT=0.05�0. The coupling strengths are #s+=#d+=0.02�0 and #s−=#d−=0. The
size of the Coulomb diamonds shows an eight-electron periodicity in c-DWCNT QDs, as shown in �a�, while it shows a four-electron
periodicity in i-DWCNT QDs, as shown in �b�.
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��r̃F��u� =
&�r̃�K�r̃F��u�
�1 − e−a�/L ei��r̃F�

† �u�+i��r̃F��u�, �A2�

where a is an infinitesimal positive number used to avoid the
divergence in the long wavelength limit and the operator
&�r̃� is the Klein factor, which destroys a particle in the
branch �r̃� when acting on the eigenstates of the DWCNT
Hamiltonian,

&�r̃��N,m� = �− 1��i=1
�r̃�−1Ni�N − e�r̃�,m� ,

where we use the convention i= + R̃↑ , + R̃↓ , + L̃↑ , + L̃↓ ,

−R̃↑ ,−R̃↓ ,−L̃↑ ,−L̃↓ =1,2 ,3 ,4 ,5 ,6 ,7 ,8 and the vector
e�r̃� denotes a state where there is only one particle in the
branch �r̃�. The notation �i=1

�r̃�−1 means that the sum runs
over all the state from 1 to i=�r̃�−1 with �r̃� fixed by the
unit vector e�r̃�. The phase factor is

K�r̃F��u� =
1

�2L
ei��/L�sgn�F�
sgn�r̃�N�r̃�+���u,

where ��=� for the c-DWCNTs. The field operator ��r̃F�
† is

given as

i��r̃F��u� = �
q�0

e−aq/2

�nq

ei sgn�r̃F�qub� sgn�r̃�q�.

Therefore, the matrix elements of the 1D electron operator
have the form23

�N,m���r̃F��u��N�,m��

= �N+e�r̃�,N��− 1��i
�r̃�−1Ni

e−�1/2��q�0e−aq�j���'�r̃�q
j��F �u��2

�1 − e−a�/L

�K�r̃F��u��
q�0

�
j��

F
'�r̃�q
j��F �u�,mj��q,mj��q� � , �A3�

where the function F can be expressed in terms of the La-
guerre polynomials Lm

n ,47

F�',m,m�� =
mmin!

mmax!
Lmmin

mmax−mmin��'�2�
!�m� − m�'m�−m

+ !�m − m���− '*�m−m�� , �A4�

with mmax=max�m ,m�� and mmin=min�m ,m��. !�x� is the
Heaviside step function and the parameters '’s are given by

'�r̃�q
j��F �u� =

��r̃�
j��q

�nq

�ei sgn�r̃F�quSj��q − e−i sgn�r̃F�quCj��q� .

�A5�

Finally, the quantity

W�u� ª
e−�1/2��q�0e−aq�j���'�r̃�q

j��F �u��2

�1 − e−a�/L �A6�

is independent of �r̃�23 and finite also in the limit a→0. It
yields a nonoscillatory position dependence of the matrix
elements 
Eq. �A3��.

APPENDIX B: EXPRESSIONS OF THE TUNNELING
RATES

In this appendix, we provide a derivation of the expres-
sions of the tunneling rates �, Eqs. �53� and �54�. Starting
point is their definition,23

�lk�mnk
���ENEN+1�

ª

1


2�
��
� � dxdy
����x��k�m

ENEN+1� 
���
† �y��nk

EN+1� EN

��
0

�

dt�Fl���x,y, � t��e �i/
��EN+1� −EN�t�, �B1�

�lk�mnk
���ENEN−1�

ª

1


2�
��
� � dxdy
���

† �x��k�m
ENEN−1� 
����y��nk

EN−1� EN

��
0

�

dt�El���x,y, � t��e �i/
��EN−1� −EN�t�, �B2�

where t�= t− t1 and 
����x��k�m
ENEN+1� = �k������x��m� is the ma-

trix element of the electron operator between the states �k�
and �m� with N and N+1 particles, respectively. The func-
tions Fl�� and El�� characterizing the leads are

El���x,y,t�� = Tl��x�Tl�
* �y���l��x��l�

† �y,− t���th

= Tl��x�Tl�
* �y� � d�gl���
1 − f����

��
�q��

�lq�x��lq
* �y�e−�i/
���−eVl�t�, �B3�

Fl���x,y,t�� = Tl�
* �x�Tl��y���l�

† �x��l��y,− t���th

= Tl�
* �x�Tl��y� � d�gl���f���

��
�q��

�lq
* �x��lq�y�e�i/
���−eVl�t�, �B4�

where gl��� is the density of states in lead l, Vl is the voltage
in the lead l, and f��� is the Fermi distribution function. In
the following, we shall derive the expressions for the tunnel-
ing rates �

lk�mnk
���ENEN+1 for an i-DWCNT QD system as an ex-

ample and the expressions for the other tunneling rates can
be obtained by the same method. By substituting Eqs. �B4�
and �22� into Eq. �B1�, we have
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�lk�mnk
���ENEN+1� =

L


2�
��

�
r̃r̃�

�
FF�

sgn�FF�� � � dxdy�� sgn�F�r̃F�x��
� sgn�F��r̃�F�
* �y�Tl�

* �x�Tl��y�

�� d��
0

�

dt�e��i/
���−eVl−EN+1� +EN�t�gl���f����
�q��

�lq
* �x��lq�y�
��r̃�F�ul��k�m

ENEN+1� 
��r̃��F�
† �ul��nk

EN+1� EN, �B5�

where ul=0,L for l=s ,d. We ignore the slow oscillations of the 1D electron operators on the scale of the extension of the

tunneling region and therefore the product 
��r̃�F�ul��k�m
ENEN+1� 
��r̃��F�

† �ul��nk
EN+1� EN is independent of the position. We thus obtain

�lk�mnk
���ENEN+1� =

L


2�
��

�
r̃r̃�

�
FF�

sgn�FF�� � d�gl���f���Il�FF�r̃r̃�����
0

�

dt�e��i/
���−eVl−EN+1� +EN�t�
��r̃�F�ul��k�m
ENEN+1� 
��r̃��F�

† �ul��nk
EN+1� EN,

�B6�

where

Il�FF�r̃r̃���� =� � dxdy�� sgn�F�r̃F�x��
� sgn�F��r̃�F�
* �y�

�Tl�
* �x�Tl��y��

�q��

�lq
* �x��lq�y� . �B7�

The integrals over � and t� can be carried out by using the
relation, valid for any smooth function G���,

� d�G����
0

�

dt�e��i/
���−E�t� = �
G�E� � i
P� G���
� − E

d� ,

with P denoting the Cauchy principal value. Let us, how-
ever, first focus on the part depending on the position in Eq.
�B6�, namely, on Eq. �B7�. Because the Bloch waves
�� sgn�F�r̃F from Eq. �6� are localized around the carbon atoms
and on the length scale of the pz orbitals all the other quan-
tities in Eq. �B7� are slowly varying, we can rewrite the two
integrals as two sums over the positions of the carbon atoms
and Eq. �B7� becomes

Il�FF�r̃r̃� =
C

N�
�
Rp

�
R�p�

eiF·ReiF�·R�f�p sgn�F�r̃Ff
�p� sgn�F��r̃�F�
*

�Tl�
* �xR,p�Tl��yR�,p���

�q��

�lq
* �xR,p��lq�yR�,p�� ,

�B8�

where the constant C denotes the integration over the pz
orbitals. Because the leads are described by three-
dimensional Fermi gases, the wave functions �lq�x� are the
plane waves,

�lq�x� =
1

�Vl

eiq·x,

with the volume of the gas Vl. The sum over the possible
orientations of q can be performed

�
�q��

�lq
* �x��lq�y� �

4� sin��q���x − y��
�q���x − y�

,

which is peaked around x=y. For normal metals, e.g., gold,
the Fermi wave vectors of the leads obey the relation kF
�1 /a0, where a0 is the nearest neighbor distance on a
graphene lattice. For �q���kF, the above expression can then
be approximated by two Kronecker �’s,

�
�q��

�q
*�xR,p��q�yR�,p�� � 4��RR��pp�.

Therefore, Eq. �B8� becomes

Il�FF�r̃r̃� =
4�C

N�
�
Rp

ei�F−F��·Rf�p sgn�F�r̃Ff
�p sgn�F��r̃�F�
*

�Tl�
* �xR,p�Tl��yR,p� . �B9�

Because of the fast oscillating phase ei�F−F��·R, the quantity
Il�FF�r̃r̃� is nonzero only if F=F�. Moreover, we assume that
both sublattices are equally coupled to the leads, such that
the sum over R should give approximately the same result
for p=�. Hence, we can separate the sum over p and obtain

�
p

f�p sgn�F�r̃Ff�p sgn�F�r̃�F
* = �r̃r̃�,

which can be easily verified by using the explicit expressions
Eqs. �7� and �8�. Equation �B9� becomes

Il�FF�r̃r̃� =
4�C

N�
�
Rp

�Tl�
* �xR,p��2�FF��r̃r̃�. �B10�

By substituting Eq. �B10� into Eq. �B5�, we find

SHIDONG WANG AND MILENA GRIFONI PHYSICAL REVIEW B 77, 085431 �2008�

085431-14



�lk�mnk
���ENEN+1� = �

�

4�CL

N�
2 �
Rp

�Tl��xR,p��2� d�gl���f���

��
0

�

dt�e��i/
���−eVl−EN+1� +EN�t�

��
r̃�F


��r̃�F�ul��k�m
ENEN+1� 
��r̃�F

† �ul��nk
EN+1� EN.

�B11�

It is convenient to introduce the rate #l���� describing the
coupling strengths between the shell � in an i-DWCNTs and
the lead l,

#l���� =
8�3Cgl���W2�ul�

N�
�
Rp

�Tl��xR,p��2.

Hence, using Eq. �A3� for the matrix elements of the electron
operators, we finally obtain the expression of the tunneling
rates,

�lk�mnk
���ENEN+1� =

1

4�2
2�
�
� d�#l����f���

��
0

�

dt�e��i/
���−eVl−EN+1� +EN�t��
r̃�F

�N+e�r̃�,N+1

��
q�0

�
q��0

�
j��

�
j�����

F
'�r̃�q
j��F �ul�,kj��q� ,mj��q�

�F*
'�r̃�q
j�����F�ul�,nj�����q�,kj�����q�� , �B12�

where the vector e�r̃� denotes a state with one particle in the
branch �r̃�. The function F�' ,m ,m�� is given in Eq. �A4�
and the parameters '�r̃�

j��F are defined in Eq. �A5�. The four
eigenstates are

�k�� = �N,k��, �m� = �N + 1,m� ,

�n� = �N + 1,n�, �k� = �N,k� .

Similarly, the expression for the tunneling rates out of the dot
is

�lk�mnk
���ENEN−1� =

1

4�2
2�
�
� d�#l����
1 − f����

��
0

�

dt�e �i/
���−eVl+EN−1� −EN�t��
r̃�F

�N−e�r̃�,N−1

��
q�0

�
q��0

�
j��

�
j�����

F
'�r̃�q
j��F �ul�,kj��q� ,mj��q�

�F*
'�r̃�q
j�����F�ul�,nj�����q�,kj�����q�� , �B13�

with the eigenstates

�k�� = �N,k��, �m� = �N − 1,m� ,

�n� = �N − 1,n�, �k� = �N,k� .

From the expressions of the tunneling rate, Eqs. �53� and
�54�, we can see clearly that the contacts do not mix the
electrons in different branches. We notice that in the absence
of bosonic excitations, the rates simplify enormously to the
form

�lk�mnk
���ENEN+1� =

1

4�2
2�
�
� d�#l����f���

��
0

�

dt�e��i/
���−eVl−EN+1� +EN�t��
r̃�F

�N+e�r̃�,N+1,

�B14�

�lk�mnk
���ENEN−1� =

1

4�2
2�
�
� d�#l����
1 − f����

��
0

�

dt�e �i/
���−eVl+EN−1� −EN�t��
r̃�F

�N−e�r̃�,N−1.

�B15�
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